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Over the past few years there appeared several papers

on the quantum mechanical three-body problem in which the
exact dependence of the Hamlltonian on the masses has been
taken into account.1'6 The interest in this problem has

been aroused by the need for a more direct approach in des-
cribing a system of three particles of nearly equal masses,
since the usual approximation of infinitely heavy (stationary)
nuclel obviously cannot be made. In such a case the non-
relativistic and spin-free Hamliltonian of the system 1s ex-

pressed in terms of center-of-mass coordlinates, and the

Schrodilnger equation becomes separable into two parts, the

one describing the motlon of the particles around the center ~
of mass being the only one of interest here. With the excep-
tion of the paper by Kolos et al all the work done so far has
beern on the ground states (zero angular momentum) of molecular-
like systems. The present note 1s a preliminary report on

some calculations on atomic lons. We have set out to con-
sider systems of three particles (two of which are identical)
with total angular momentum equal to unity. While appllication

to melecular and mesonic systems 1s desirable and 1s at present
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belng carried out, we felt that calculations on
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atomic systems

would not be without interest.
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In 1930 Hughee and’Eckérfz‘haye,employed center-oflméss.
coordinates to achieve the %eéeféfion of. the translational
motion of the center of mase’end the internal motion of a
system of three particles. Aseumidg a simple opep'shell

hydrogen-like wavefunction they have, by perturbation theory,
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obtalned an analytical expression for the mass effec

two-electron atom When experimental methods became suf-

y

ficiently refiﬁed to allow accurate measurements to be made
on the isotope shift in helium it was found that the valges
of the 1sotope shift calculated from Hughes and Eckart's for-
mula were in quantitative disagreement with the experimental

resultsy8’9 The discrepancy was especlally pronounced in P

states. Except for possibly a few unsuccessful a'ctempts:]'o

there has been no further theoretieal work done along these
lines for excited states, mainly due to the lack of suffi-
clently accurate wavefunctions. Bethe and Salpeter have

stated that "the cause of these discrepancies 1s not yet
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known, while others have suspected the theory itself.

The results reported here were obtained by applying the

varlational procedure to 50-term wavefunctions of the type

v = m £ n .1

Z Comn 12 T23° T31 Duv,0(a,B,y) expli/2(- ~ar,y-b

where the r, .'s are the interparticle distances, a,B,Y are

1J
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three Eulerian angles, and the Du',o(a,ﬁ,y

ate elements of the three-dimensional rotational matrix cor-

)are the appropri-

responding to a space-z-component of the angular momentum

Mz = 0 and a body-z-component u'. The non-linear parameters




a and b were taken to be the same as those detérmined by mini-
mizing the infinite mass energies. The linear constants Cpmn
were determined in the usual manner from a secular equation
and are, of course,. different for each separate enérgy’calcula-
tion.

If we define the mass ratio p = m/M, where m and M are
the electronlc and nuclear masses, respectively, then the
computed energy, E, will depend on both the choice of units
and the mass ratio p. Consequently, we write E = E(p), and

412 for energy and h%u"1e™2 for

adopt the atomic units e
length. Note that the reduced mass, p, depends on p, 1i.e.

w = m/(1+p). The connection with experiment 1s made through
the difference of the spectroscopic term values for two 1lso-
topes of the same atom13. The spectroscopic term value 1s the
total (two-electron) atomic energy, E(p),lless the correspond-
ing hydrogen-like (one-electron) energy, -;/222. ‘The results
are shown in Table I. The discrepancy between theory and -
experiment has now been brought within the limits of experi-
mental accuracy. On the basis of the agreement for helium,

we feel that 1t can be said with some confidence that the cal-

culated results for Li+ are accurate to within one per cent.

*This work was supported by the Naticnal Aeronautics and Spacc
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The total mass effect has usually been thought of as con-
sisting of two parts: an elementary mass correction in
energy, €., due to the motion of the nucleus, and a much
smaller cOrrection, €,, arising from the mass polarization
(specific shift). Bofh of these corrections can be com-
puted from our tabulated data, if required. The elementary
correctlon, €4, is gilven by €1 = -pe(0), while the second
part, e€», proportional to the expectation value of the

operator Vi.V » 1s obtailned by subtracting €, from the
total mass effect.
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